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Theoretical Question – T2
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General Instructions

1. The theoretical examination lasts for 5 hours, consists of 3 questions, and is worth a total of 60 marks. It will be converted to 30 marks in the final scores.
1. Dedicated APhO Answer Sheets are provided for writing your answers. Write your answers only on the Answer Sheets (marked A). Enter the final answers into the appropriate boxes in the Summary Table of Answer Sheets on the first (or two) page(s). 
1. There are extra Rough Sheets for carrying out detailed work/rough work (marked B). If you have written something on any sheet which you do not want to be graded, please cross it out.
1. Fill out all the entries in the header (Student Code and Page number).
1. You may answer the questions T1, T2 or T3 in any order. You may be able to solve later parts of a question without having solved the previous ones.
1. You are not allowed to leave your working place without permission. If you need any assistance (malfunctioning calculator, need to visit a restroom, insufficient answer sheets or rough sheets, etc), please draw the attention of the invigilator using one of the two cards (red card for help and green card for toilet).
1. The beginning of the examination will be indicated by the sound signal of a gong. Also there will be sound signals every hour indicating the elapsed time. Additionally, there will be a sound signal, fifteen minutes before the end of the examination. At the end of the examination, there will be a long sound signal.
1. At the end of the examination you must stop writing immediately. Sort and number your Answer Sheets and Rough sheets, put it in the envelope provided, and leave it on your table. You are not allowed to take any sheet of paper out of the examination area. 
1. Wait at your table till your envelope is collected. Once all envelopes are collected your student guide will escort you out of the examination area. 
1. A list of physical constants is given on the next page.





General Data Sheet

	Acceleration due to gravity on Earth
	
	

	Atmospheric pressure
	
	

	Avogadro number
	
	

	Boltzmann Constant
	
	

	Binding energy of hydrogen atom
	
	

	Magnitude of electron charge
	
	

	Mass of electron
	
	

	Mass of proton
	
	

	Mass of neutron
	
	

	Permeability of free space
	
	

	Permittivity of free space
	
	

	Planck’s constant
	
	

	Reduced Plank’s constant
	
	

	Speed of light in vacuum
	
	

	Stefan-Boltzmann constant
	
	

	Universal constant of Gravitation
	
	

	Universal gas constant
	
	




	
	The Expanding Universe
	(Total Marks : 20)

	
	The most outstanding fact in cosmology is that our universe is expanding. When the space expands, the universe expands, and the distance between objects in our universe also increases. 
It is convenient to use a “co-moving” coordinate system  to label points in our expanding universe, in which the coordinate distance
	
between objects 1 and 2 does not change. (Here we assume no peculiar motion, i.e. no additional motion of those objects other than the “motion” due to the expansion of space.) No peculiar motion is illustrated in the figure below (the figure has two space dimensions, but our universe actually has three space dimensions).
	

	
	[image: expansion]
	

	
	
The modern theory of cosmology is built upon Einstein’s general relativity. However, under proper assumptions, a simplified understanding under the framework of Newton’s theory of gravity is also possible. In the following questions, we shall work in the framework of Newton’s gravity.
To measure the physical distance, a “scale factor”  is introduced such that the physical distance  between the co-moving points  and  (with no peculiar motion) is
.
The expansion of the universe implies that  is an increasing function of time, .

On large scales – scales much larger than galaxies and their clusters – our universe is approximately homogeneous and isotropic. So let us consider a toy model of our universe, which is filled with uniformly distributed particles. There are so many particles, such that we model them as a continuous fluid. Furthermore, we assume the number of particles is conserved.


	

	
	Supposed our universe is dominated by non-relativistic matter, whose kinetic energy is negligible compared to its rest-mass energy. Let  be the physical energy density (i.e. energy per unit physical volume) of non-relativistic matter in our universe. Note that   excludes the gravitational potential energy. We use  to denote the present time.
	

	A
	Derive the expression for  at time  in terms of ,  and .
	2 points

	
	

Besides non-relativistic matter, there is also some amount of radiation in our universe, which is made of massless particles such as photons. The physical wavelength of massless particles increases with the universe expansion as . Let the physical energy density (i.e. energy per unit physical volume) of radiation be .
	

	B
	Derive the expression for  at time  in terms of,  and .
	2 points

	
	


Consider a gas of non-interacting photons which follows a thermal equilibrium distribution. The temperature of the photon gas depends on time as .
	

	C
	Determine the value of .
	2 points





	
	Consider the thermodynamics of non-interacting particles . Note that the space expansion is slow enough and does not result in any heat exchange, such that the entropy of  is constant in time. Let the physical energy density (i.e. energy per unit physical volume) of  be . Let the physical pressure be .
	

	D
	Derive  in terms of , ,, and .
	4 points



	
	Consider a star . At the present time , the star is at a physical distance  away from us, where  is the co-moving distance between us and the star. Here we assume no peculiar motion (i.e. that both us and the star just “follow” the expansion of space without additional motion). 
The star is emitting light energy isotropically in every direction with power  . We use a telescope to observe this light. For simplicity, assume the telescope can detect all frequencies of light with 100% efficiency. Let   be the area of the telescope lens.
	

	E
	Derive the expression for the power received by the telescope , as a function of  the scale factor  at the starlight emission time , and the present (i.e. at the observation time) scale factor .
	4 points






	
	If there were no gravity, the expansion speed of the universe should be constant. Without force, matter just moves away from each other with constant speed and thus  is a constant. 
Let us now consider how Newton’s gravity affects the scale factor , in a universe filled with non-relativistic matter in a homogeneous and isotropic way.
	

	
	[image: frw]
	

	
	As illustrated in the above figure, let us assume C is the centre of our universe. Let space consist of thin concentric shells around C. Each shell contains matter. 
Consider the thin shell whose co-moving distance from C is  (the spherical shell in the above figure). Recall that this co-moving distance  is constant in time.
	



	F
	By considering the motion of the shell, derive a relation between ,  and the physical rest-mass energy density  (i.e. energy per unit physical volume). This relation may involve other constants. 
	5 points




	G
	Based on the model described in Part (F), is the expansion of the universe 
(a) accelerating or (b) decelerating? 

Briefly explain your answer.
	1 points



In 1998, a new type of energy was discovered, and it changes the conclusion you were supposed to get in part (G). 
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